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Abstract 

We study the following problem: can a classical sl n Toda field theory be 
represented by means of free bosonic oscillators through a Drinfeld-Sokolov con- 
struction? We answer affirmatively in the case of a cylindrical space-time and 
for real hyperbolic solutions of the Toda field equations. We establish in fact 
a one-to-one correspondence between such solutions and the space of free left 
and right bosonic oscillators with coincident zero modes. We discuss the same 
problem for real singular solutions with non hyperbolic monodromy. 
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1 Introduction 



Toda field theories in 2D have become a favorite research topic in theoretical 
physics. One reason for this interest lies in the fact that Toda field theories 
(ToFT's) based on classical finite dimensional Lie algebras (in this paper we 
will be dealing only with the latter) underlie many remarkable conformal field 
theory models - in particular all sort of minimal models -; in fact they possess 
both the necessary conformal structure, which manifests itself for example in 
the chiral splitting, and the integrable structure, which is connected with the 
hidden quantum group symmetry typical of these models. Both structures are 
simultaneously expressed in an elegant form by the exchange algebra. 

Another reason of interest is the connection of the sfa ToFT, i.e. the Li- 
ouville theory with string theory and 2D gravity, together with the 

evoked possibility that sl n ToFT might bear a relation to 2D gravity coupled to 
conformal matter in much the same way as the latter combination appears in 
matrix models. The present state of affairs does not even allow us to exclude 
that there might be a direct connection between matrix models and Liouville or 
Toda theories formulated on the lattice. 

Toda field theories can be regarded as Hamiltonian reductions of WZNW 
models - this is in itself a vast field of research - or - as we do in this paper 
- as autonomous field theories characterized by a W-algebra symmetry. They 
are in fact at the origin of the present interest in W-algebras. The geometrical 
meaning of W-algebras is still rather obscure. However if we think that the 
Liouville equation is well-known to be the basis of the uniformization theory of 
Riemann surfaces, it is not unmotivated to expect geometry to play a deep role 
in ToFTs and, viceversa, that the latter might lead to significant geometrical 
developments. 

All this sounds pretty appealing to all those who have followed the most 
recent developments in theoretical physics. On the other hand, even though the 
research in this field has been intensive (|f|jf||,||,@), many questions in Toda 
field theories are still unanswered. Among the latter we quote in particular the 
problem of constructing conformal blocks in W-algebra. We feel a more thorough 
analysis of ToFT's is necessary. This motivated us in taking up this research, 
which could be synthesized as the search for an answer to the following question: 
to what extent can we represent ToFTs by means of free bosonic oscillators ? 
In this sense this paper is the continuation of ||. There it was shown that to 
every ToFT we can associate two (one for each chirality) Drinfeld-Sokolov (DS) 
linear systems defined in terms of independent free bosonic oscillator fields. By 
means of these we can construct solutions of the ToFT equations of motion. The 
question left unanswered in || was: Do we construct in this way all the periodic 
and local solutions of the ToFT equations of motion so that the Poisson brackets 
for the bosonic oscillators correspond to the canonical Poisson brackets in the 
ToFT? 

In this paper we address the above two problems for an sl n ToFT defined 
in a cylindrical space-time, where space is represented by a circle and time by 
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a straight line, therefore with periodic space boundary conditions. The most 
important result is the following: we construct a one-to-one correspondence 
between real hyperbolic solutions^ of ToFT equations and appropriate set of free 
bosonic oscillator fields of the DS linear systems which preserve the canonical 
symplectic structure of the ToFT. We realize in this way a parametrization of the 
classical phase space of the ToFT's, which lends itself to canonical quantization. 
In conclusion the above question has the following answer: ToFT's can be fully 
represented by means of free bosonic oscillators, with the limitations expressed 
above. 

On the one hand, this conclusion can be considered, as a completion of a 
program started by Leznov and Saveliev || and continued in ||. On the other 
hand the same problem is still open for more complicated topologies (see [|l0| for 
a discussion over Riemann surfaces). 

We partially analyze also the (singular) solutions of parabolic monodromy. 
For a large family of them it is also possible to define a free field representation. 
The role of these solutions in quantizing the theory is unclear. 

The paper is organized as follows. Since we wish the paper to be as self- 
contained as possible, in section 2 we review ref.||] and state the problem an- 
nounced above in a more precise form. In section 3 we show how to find the 
solution for the Liouville theory. In section 4 we extend the proof to an sl n 
Toda field theory. Section 3 is used as a general guide and presented in a very 
detailed form, while section 4 is more sketchy. In section 5 we discuss the family 
of singular solutions of the Liouville equation referred to above. 



2 The problem 

Let Q be a simple finite dimensional Lie algebra of rank r, equipped with an 
invariant scalar product denoted by ( , ). We choose a Cartan subalgebra TL 
with an orthonormal basis {Hi}. We recall the following commutation relations 
in a Cartan- Weyl basis 

[H,E± a ] = ±a(H)E ±a 
[E a ,E- a ] = H a 

Toda field theories are defined by means of a linear system. 

(d±+A ± )T = (1) 

where x± = x ± t are the light cone coordinates, and d± = d x± = \{d x ± dt). 

A + = 0+$ + e ad *£+, A_ = + e - ad *£L 

2 Hyperbolic solution means a solution with hyperbolic monodromy. All regular enough solutions 
are hyperbolic. For a more precise statement see Appendix A and B. 
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The field 3> takes values in the Cartan subalgebra and 

a simple 
a simple 

The zero curvature condition 

F+_ = d+A^ - d-A + + [A+, A-] = 
yields the equations of motion 

+ 0_* = ± ]T e 2am H a (2) 

a simple 

There is a standard way to represent solutions of eq.(||). Given a highest 
weight vector |A^ r ^ >, we define 

£ (r) (x) = < A (r) |e-* (x) T(x) 

t r \x) = T- 1 (x)e-^ x) \A {r) > (3) 
where T(x) is the transport matrix 

T(x) = Pexp (- J A x dx^J 

and A x = A + + A_. T{x) is the solution of the equation (d x + A X )T = with 
the initial condition T(0) = 1. 

Using the explicit form of A + and A- one can easily show that £ and £ are 
chiral objects, i.e. 

d-i = = 

The objects defined by eqs.(||) satisfy the exchange algebra 

{fW( x ) ? e (r °(y)} = £ (r ^)®£ (r,) (y)[^-y)r + + 

{? (r) (x)?? (r,) (y)} = ^(x-y)r-+^(y-x)r+]? (r) (x)®e (r,) (y) 

{? (r) (x)?^ {r,) (y)} = -i®^ r 'Hy)-r + .f r) (x)®i (4) 
where r are the solutions of the classical Yang-Baxter equation 

r t0 + 2 ^, T^e~) (5) 

a positive v ' ' 
r~ — — t — 2 -^-a g> Eg 

a positive v ' ' 
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and 



i 

This is a consequence of the canonical Poisson bracket defined by 

{7T#(x)f $(y)} = <y(x-y)-to (6) 

7r$ being the canonical momentum of <J>, i.e. 7r$ = dt<&. 

If the Toda field is periodic, the £, £ fields have the monodromy prop- 
erties 

e (r) (x + 2vr) = ^ r \x)T 
? (r) (x + 2vr) = T- 1 ^^) 

where T = T(2-7r). We also recall the following Poisson brackets 

{T f T} = -[r±,r®r] 

U^(x)®r} = e W (^)®r-r- (7) 
{£ (r) (x)®T} = -l®T-r+-£ (r) (x)®l 

Finally, from eq.(||), we see that the fields of Toda theory, are reconstructed by 
means of the formula 

e -2AW(*)( 8 : +I x-) =c (r) (a . + ) . ? (r) (a ._ ) (g) 

where A*- 7 *) is the weight corresponding to |A( r ) >. These fields are obviously 
periodic and one can check that they are local, i.e. they Poisson commute at 
equal time. 

Presented in this form all the matter sounds a bit tautological, since we have 
to already know the solutions of the Toda field equations in order for the above 
formulas (in particular eq.(|8|)) to work. In this way we do not get any explicit 
representation of the space of classical solutions. To achieve this we have to 
proceed in a different way, i.e. consider separately the two chiral halves of the 
theory and introduce the so-called associated Drinfeld-Sokolov linear systems 

8+Q+ - (P - £ + )Q+ = 0, cLQ+ = (9) 



9+Q_=0, + Q_(P-£_) = (10) 

where Q + (x + ) and Q_(x_) takes values in a Lie group whose Lie algebra is Q, 
and where P and P are periodic chiral and antichiral, respectively, fields which 
take values in the Cartan subalgebra and have the Poisson brackets 

{P(x)®P(y)} = -(d x - d y )5(x - y)t 

{P(x)®P(y)} = (11) 

{P(x)®P(y)} = (8 X - d y )5(x - y)t 
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At times we will refer to P and P as DS fields. From the solution Q+(x) and 
0-{x) of eqs.(g0) normalised by Q+(0) = 1, Q_(0) = 1 we define a basis cr, cr 

cjW(x) = <aW|Q+(x) (12) 
a (r) (i) = Q_(x)|AW > (13) 

This basis has the Poisson bracket algebra 

{<r (r) (x) ?a (r,) (y)} = a (r) (x)® £ J (r ' ) (y)[0(x-y)r + + 0(y-x)r-] (14) 
{ffW(i)®ff( f ''(i/)} = [0(x-y)r- + 9{y-x)r + ]a^\x) ®a^ r '\y) (15) 

while 

{<rW(x) f a (r ' } (y)} = (16) 
Since -P(x) and P(x) are periodic we can expand them in Fourier series 
P(s) = ]T P n e faa: , P(s) = Y, p nt mX 

n n 

An important role in the following is played by the left and right monodromy 
matrices 

S = Q + (2vr), 5 = Q_(2vr) 

We will also need K and K, defined as follows 

R= yiPn^ K=Y^ 

The aim now is to construct periodic local solutions of the the Toda field 
equations (|2|), exactly as the formal solutions (|8|) are, but in terms of the free 
bosonic fields P and P. A solution to eqs.@ is given by 

e -2AMW(, + ,,_) =ff (r) (j+)M -(r) (x ) ^ 

where M is a constant matrix to be determined. Since 

a (r) (x + 2vr) = <T<r) (x)S, (x + 2ir) = S (x) 

to get a periodic solution, we must have 

SMS = M (18) 

In order to satisfy this equation one proceeds to diagonalize the monodromy 
matrices 

S = g S Kgg 1 , K = e 27rPo (19) 
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Then condition (Il8f) will be satisfied if 



M = gsVg-g 1 

KK = 1 

where T> £ exp('H), Ti being the Cartan subalgebra. The second condition simply 
means that Po = Pq and will eventually be imposed. The diagonal matrix V has 
to be chosen in such a way that the fields of the LHS of eq.(18) be local. The 
solution is 

v = ee, e = e Q ~ K , e = e Q+R 

and Q,Q are the conjugate variables of Po an d Po, respectively. Therefore 

{Q?Po} = ^o (20) 
{Qf Po} = ±t 

Finally we can write 

e -2AW(*) (a!+ ,x_) = ^(r) (x+) (21) 

where we define the new objects (Bloch wave basis) 

^ r \x) = a^(x)g s Q, ^ r) (x) = egfa^ix) (22) 

The ip and ip have diagonal monodromy k and respectively, and obey the 
exchange algebra 

{ip {r) (x) f v (r,) (y)} = -3^ (r) 0»0 ®v (r,) (y){e(^- - ( 23 ) 

—coth(iradiPo)(r + — to) — coth(7rad,2Po)(r~ + to)| 
{^ {r) (x)«^ (r,) (y)} = l{e(x-y)(r + -r-) + coth(*ad 1 P )(r-+t Q ) (24) 

+cot/i(7rad 2 Po)(r + - t )}^ (r) (x) <g> ? (r ' } (y) 
and, as long as the Po an d -Po are considered independent, we also have 

{VA)(x)f ^ r '\ y )} = (25) 

It is now easy to prove that eq.(21) represents a general solution of eqs.(|2|) 
which is both periodic and local provided we reduce the phase space by imposing 
Po = Po- 

It is clear that the free bosonic oscillators P n and P n (together with Q and Q) 
provide a parametrization of the space of classical periodic and local solutions of 
the Toda field equations. One can also verify by means of ( plj ) that ( |TT| ) implies 
(||). However there still remain an unanswered question: 

Does the above construction (referred to in the following as the DS construc- 
tion ) exhaust all the periodic and local solutions of the Toda field equations, so 
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that the canonical Poisson brackets ^) match the Poisson brackets (11) for the 
free bosonic oscillators? 

The rest of the paper is devoted to answering this question. Before we end 
this section two remarks are in order: 

Remark 1. The DS construction could also proceed in a slightly different 
manner. We could first identify Pq with Pq and then introduce T> = e Q+ K ~ K j n 

gs'Dg^fy^ together with Q = Q in eq. (pC|) . All the above conclusions would 
hold except, of course, eq.(p5|). This remark will be useful in the next section. 
In fact, since in the next section we reconstruct the DS system starting from a 
periodic solution <p, we expect the left and right zero modes to coincide. 

Remark 2. The problem studied in the next sections is not completely 
new in the literature. At least for the Liouville model two fields p and p were 
found in Q that correspond to the two solutions for the p field found in the 
next section. However that result is limited to the open string case, which has 
particular features. 



2.1 Description of the method for solving the prob- 
lem 

The method for solving the problem consists of two steps. 

The most natural (but, as it will turn out, insufficient) idea is to perform 
successive field-dependent gauge transformations on the initial linear system (jl|) 
so as to reduce it to the DS form - we will see later on that this corresponds to 
the Gauss decomposition of the transport matrix ||. Let us consider first the 
following transformations 

V(x) = e~^ x) T(x), V(x) = T~ 1 {x)e~^ x) (26) 

This leads to the equivalent linear systems 

(d + + A\)V = A\ = 23+ $ + £+ 

with ' (27) 
(d_ +Al)V = Al = e - 2ad ^£- 

and, similarly, for V 

d+V = VA\ A\ = e 2ad *£+ 

with (28) 
<9_ V = VAZ_ Al = -2<9_$ + £_ . 

Notice that in terms of V and V, we have 

e -2A«(*) = < A (r)| F y| A (r) > = f (r) . £(r) (2g) 

We will see in the next sections that there are gauge transformations which 
map A^_ to zero, and other gauge transformations for the second system which 
similarly maps A\ to zero. We obtain a system which is similar in form to the 
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DS system. However the two systems do not yet coincide. A further step is 
necessary: it consists in diagonalizing the monodromy matrix T - actually this 
is logically the first operation one must carry out. After that we will be able to 
reconstruct the true DS system. In the next section we will see this method at 
work for the Liouville model. 



3 The Liouville model 
3.1 Introduction 

The Liouville model is the sl% ToFT. In such a case we put 

= \<p{x)H, P(x) = p{x)H, Q = qH, £± = E± 

etc. In the defining representation, whose highest weight vector is |A > 
we have 

H-(\ M. E + = (° I). E. ° 



o -\) ' T loo/' ~ v i o. 

The equation of motion is 

d+d.ip = e 2v (30) 

We will also use the notation 

*-{tt\ *-{&'&)< T -{ a ,*) (31) 

Our problem can be formulated as follows: 

For any solution ip of the Liouville equation construct a couple of real fields p 
and p such that 

1) p is chiral, p is antichiral; 

2) p and p are periodic; 

3) they satisfy the Poisson brackets: 

{p(x),p(y)} = -(d x - d y )S(x - y) 

Mx),p(y)} = (32) 
{p(x),p(y)} = (d x - d y )S(x - y) 

and such that the zero modes po and po coincide. Moreover, construct q such 
that 

{q,Po} = \ (33) 

and Poisson commute with the remaining degrees of freedom. Verify that p(x) , p{x) 
and q, inserted into the DS construction give rise to exactly the solution (p we 
started from. 
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For pedagogical reasons in this section we will do everything in the defining 
representation of s?2- However the result extends to any representation; we do 
not do it explicitly here since in the next section we will provide a representation 
independent proof of the same results for sl n Toda field theories. 



3.2 Reduction to the DS form 

Let us gauge away A v _ . We consider the transformation 

V^h'W , A\-^ h A\ := h^Alh + h~ 1 d ± h , (34) 

where h := h(x,t) has the form 

-(::)■ 

Imposing the condition we aim at, we find 

h Al = => a_a + e 2 ^ = 

In order to solve for a we proceed as follows. We notice that 

a = —d + ip + (chiral terms) . (35) 

We can determine a more precisely by imposing that A\ remains upper triangu- 
lar. Since 



hT x V 



en e 
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-a£n + £21 ~a£i2 + & 



22 



we must have 

- a&i + 61 = 

In this way we find 

4 +) == ^ = ( 7 p ) , (36) 

where 

p = -d + <p-Z 21 tf. (37) 

It is easy to verify by a direct computation that d-p = 0. 

We can do the same for the antichiral sector using a strictly upper triangular 
matrix h, and find 



h a\ 



.(-) . h *v 1 P 



A\ = 0, AL"' := h A v _ = y * ;_J, (38) 
where 

p = cL^-6 2 £n- (39) 
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is antichiral. 

It looks like we have reached our goal, that is we have reconstructed the DS 
system, but it is not so. For, although the Poisson bracket of p with p and p 
with p are the expected ones (|32|), p and p do not Poisson commute. Moreover, 
by considering the effect of the monodromy matrix, we can quickly verify that p 
and p are not periodic. To obtain the correct answer we have first to diagonalize 
the monodromy matrix (the further step announced above). 



3.3 Diagonalizing the monodromy 

In section 2 we introduced the initial condition T(0) = 1. However there is no 
a priori reason why we should use precisely this condition. We are free to change 
it at will. We take advantage of this freedom to diagonalize the monodromy 
matrix. More precisely, we change the initial data of the linear systems by 
making the transformation 

V -^Vg , V — ► g^V 

with g a unimodular 2x2 constant matrix. Accordingly, the monodromy will 
change as 

T — ► T 9 = g~ X Tg 

We would like T 9 to be diagonal (or, at least, triangular). This is always possible 
over the complex numbers, i.e. with g £ SL2(C ). However, given a real solution 
tp of the Liouville equation, we are interested in doing this over the reals, i.e. with 
g £ SL2 (K ) , since only in this case will the p and p fields be real (see below) . 
Although the answer to this question is known to be positive (T^j, we have not 
been able to find an explicit proof of it in the literature. Therefore we think it 
useful, also in view of the sl n case, to exhibit an explicit proof that for regular 
real solutions cp the monodromy is hyperbolic, i.e. tr T > 2. The proof is given 
in Appendix A; here we assume the result, which allows us to conclude that T 
can be diagonalized by means of a real g matrix. 

For the diagonalizing matrix g let us make the position 

g = RS 

with 

R=\ VI- S 





In this way r satisfies a second order equation and s is determined after r. We 
could have made other choices for R and 5, the results would be completely 
equivalent. What is important is that in the hyperbolic case we have two real 
solutions for r, namely 

-(a -5)±^ 
r± = 2i3 
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where 

A = (a + 5) 2 -4 = (trT) 2 -4 
is the positive discriminant. The corresponding elements s± are given by 

-r & 




A 

Thus we distinguish between the two solutions by appending a plus or minus 
sign: g± . Their explicit forms are 



9± 



The difference between the two is that g + ~ 1 Tg + = D, D = diag(A+, A_), while 
g_~ l Tg- = D , where A± are the eigenvalues of T. We will clarify later on the 
significance of these two possibilities. Henceforth, when the labels ± are omitted 
we mean that the equations or statements are true for both choices, i.e. both for 
+ and for -. 

After this lengthy discussion of the diagonalizing matrix g, let us return to the 
main problem. Let us apply the same procedure as in the last subsection, starting 
from Vg and g^V instead of V and V, i.e. we determine transformations h g 
and h g which play the role of g and g, respectively. We end up with 

h„ aVs _ n a .— h„ aVs 




and 



"Al B = 0, A + := h «Al B = n (40) 



'Al 9 = 0, i_ := ~ h °A\ 9 = p _ (41) 




where p and p are represented by the bosonization formulas 

p = 8 X log e n = d x log (6i + r&a) , (42) 
p = -d x log ^ = -8 X log ((1 + ts) fn - • (43) 

Here & (&) represent the elements of the matrix Vg (Vg). Remember that 
each of the above equations is a shorthand for a pair of equations corresponding 
to the two solutions g±, so that we have in fact the pair p+,p+ and the pair 
For both choices, i.e. either + and p and p are now periodic fields 
which satisfy the Poisson brackets (|32"1)P|. 

We notice that the zero modes of the fields p and p are well defined. Indeed 

P±,o = logA± 
P±,o = -logA T 



3 The Poisson brackets are calculated starting from the brackets (Q)and those given in Appendix C 
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So, as expected, they are equal, po = po (indeed A_ = 1/A+). 

Summarizing, we have (almost) achieved to reconstruct the DS linear system 
in terms of the interacting field ip, since 

(<9+ + A + )V 9 + = 0, d_V 9 + = 
d + V 9 _ = 0, d-V g _ - V 9 A_ = 

where A± are given above and 

V 9 + = h~ x Vg, V 9 _ = g- l Vh g (44) 

Moreover 

e'^ =<k\V 9 + V 9 _\k > (45) 

However there are still two undefined points. The first is that and V£ cannot 
yet be identified with Q + and Q_ as the initial conditions are different. The 
second point is that we have not yet retrieved the conjugate variable q to the 
zero modes (see Remark 1 at the end of the previous section). The two points 
are related. 

Let us recall eqs.(^5|) and the reconstruction formula for the solutions of the 
previous section, and notice that if we want the DS systems to coincide the 
relation among them must be 

V 9 + V 9 _ = Q + g s Vg s l Q- 

The simplest thing to do is to examine this relation at the origin, where Q+ (0) = 
Q_(0) = 1. So we must have 

V 9 + (0)V 9 _(0) = gsVgs 1 (46) 

On the other hand, due to the normalization condition T(0) = 1 on the transport 
matrix, at the origin we have V(0) = e - *(°) and V"(0) = e — *( '. After some 
algebra one finds 

v 9 (o) - ( e ~ W2 s e ~ W2 ^ v 9 (o) - ( (1 + sr)e ~ Vo/2 ^ 

where ipo = <p(Q). Now the matrices gs and gs are unipotent, hence they can 
be uniquely determined on the basis of eq. (|46|) . Simultaneously the matrix T> is 
uniquely identified 



V 

One can verify that 



(1 + sr)e-^o 

(l + sr)- l eV° 



{p ,V} = -HV (47) 

7T 



which is what we wanted to prove. 

In conclusion, we have reconstructed all the elements of the DS linear system 
in terms of the periodic solution (p of the Liouville equation. 
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3.4 Action of the Weyl group 



Let us return now to the meaning of the existence of the two pairs p+ , p+ and 
P-,p- of free fields satisfying all our requirements. First we notice that we can 
pass from the diagonal matrix D to D~ l via a Weyl transformation 

D^ 1 = wDw~ l , w = 

(we identify the group element w with the element of the Weyl group it repre- 
sents). It follows that g-wg+ l commutes with T, so that z = g+ g-W commutes 
with D, hence is diagonal. 

By construction, under a monodromy transformation we have 

V a+ _^ V 9+ D ^ V 9+ _^ D -l V 9+ 
V 9 + - ^ V 9- D -\ V g S ^ DV g S 

but we also have 

V 9 + -w — ► Vl'wD , w- l V 9 S — ► D^w^Vt 

so that the quantities V^Tw and w VzT have the same monodromy as V+ + and 
V^ + , respectively. Actually we have V+'w = V+~ z and w~ 1 V g T = z~ 1 V 9 _ + and 
since z is diagonal, the free bosonic fields constructed from V^Tw and w^ 1 V 9 T 
are in fact equal to p + and p+ . A similar conclusion holds for p_ and p- . 

The outcome of this discussion is that we can pass from one pair of solutions 
p,p to the other pair through the action of the Weyl group. 

4 The sl n Toda field theories 

In this section we generalize to sl n Toda field theories what we have done in the 
previous section for the Liouville theory. In more detail, we do the following: 
For any hyperbolic solution <I> of the Toda field equations we construct a couple 
of real fields P and P valued in the Cartan subalgebra such that 

1) P is chiral, P is antichiral; 

2) P and P are periodic; 

3) they satisfy the Poisson brackets 
Moreover the zero modes Po and Pq coincide and we construct the conjugate 

of them. P and P, inserted in the DS construction, give back the solution we 
started from. We also show that there are many possible choices of the pair P 
and P for any given solution, such choices being mapped into one another by the 
action of the Weyl group. 
Two remarks are in order: 




!)■ 
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- Contrary to the previous section, what we do in this section is explicitly 
representation independent. 

- A large part of this section applies to Toda field theories based on any simple 
Lie algebra; however the proof is tailored to sl n and further work is needed to 
extend the results to any simple Lie algebra. 

Let us pass now to the proofs. Instructed by the sfa case, we proceed as 
follows. First we prove that the monodromy matrix is hyperbolic (this is actually 
done in Appendix B). Then we apply the Cartan decomposition to the transport 
matrix and extract the P and P fields. Next we prove that they have the correct 
Poisson brackets (|TTj) . Finally we discuss the zero modes and their conjugate 
momenta. As an aside we obtain the result concerning the action of the Weyl 
group. 



4.1 Diagonalizing the Monodromy Matrix 

In Appendix B we prove that the monodromy matrix T for hyperbolic solutions 
of any Q = sl n Toda field theory is hyperbolic, i.e. has real positive eigenvalues 
and can be diagonalized within SL n (R). I.e. we have 

T 9 = g- l Tg (48) 

where T 9 is diagonal matrix with positive diagonal entries and g is a suitable 
element of SL n (R). Here we assume this result and show some simple conse- 
quences. 

Let us consider an arbitrary finite dimensional representation of the Lie al- 
gebra G, which can be lifted to a representation of SL n (R). The representation 
space is spanned by vectors m > where /x is a weight and m counts its degen- 
eracy. We have 

T 9 \fi,m> = /i(T 9 )|/i,m> (49) 

The first consequence we extract from eqs.(^8,49) is the Poisson brackets of 
an arbitrary dynamical variable A, {A, g}, in terms of simpler and known Poisson 
brackets. We easily find 

< v,n\g~ X {A,g}\n,m > = 1 — ——< v,n\g~ l {A,T}g\fi,m > 

H(T9) - u{T9) 

H + v (50) 

This identity fixes g~ l {A, g} up to terms belonging to the Cartan subalgebra. In 
fact, in order to find {P f P}, {P f P} and {P f 1 P} we do not need to know 
explicitly these terms; however they are important in showing that the fields P 
and P have the correct Poisson brackets with the conjugate variable T>. In order 
to find a more complete result let us recall the Cartan decomposition of Q 

g =N+®H®N- (51) 
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and its Borel subalgebras 

B ± =N±®H (52) 

By Vft, Vn± we wm denote the projection operators on the corresponding sub- 
algebras. 

Next, our first observation is that if g = g^g+k ( g± £ e^± 3 k £ ) 
diagonalizes the monodromy matrix, the element gk~ l will also diagonalize T. 
Therefore, we can set g = <?+<?-• For this special choice of the diagonalizing 
element the Poisson bracket 

gZ l ■{A,g}-g+ 1 



is orthogonal to the Cartan subalgebra TL. From this observation and from (50) 
one obtains 

n—l -J 

g- l {A,g] = -YY—————— (53) 

1 ; ^fh^T 9 )-v{TB) V ; 

m,n 
a>0 

< ^,n\g~ 1 {A,T}g\^,,m >< n,m\E a \v,n > {g + E_ a g+ l , H p ) _ ^ 

(E a , E-a) 

1 < v, n\g~ 1 {A, T}g\n, m X [i, m\E^ a \u, n > 

+ ^ ^{T9)-u{T9) (E a ,E. a ) a 

m,n 
a 

where a in the first term runs over the set of all positive roots while the summa- 
tion in a in the second term is over all (positive and negative) roots. 

We shall finish this subsection with the following remark. The matrix g which 
diagonalizes the monodromy matrix T is not fixed uniquely. This comes from 
the fact that the Cartan subgroup is invariant under the elements kw where k is 
in the Cartan subgroup and w belongs to the Weyl group W of the Lie group G. 
The later is defined as the quotient N(H)/H, N(H) being the normalizer of the 
Cartan subgroup H. For SL(n) the Weyl group is isomorphic to the permutation 
group S n of n elements. 

4.2 Gauss decomposition and P, P fields. 

Let g be one of the diagonalizing elements introduced in the previous subsection. 
The transport matrices 

V 9 = Vg 
V 9 = g- x V 

satisfy the same linear systems as V and V and have diagonal monodromy 

V 9 {x + 2tt) = V{x)T 9 
V 9 (x + 2ir) = (T 9 Y l V 9 {x) 
T 9 = g- l Tg 
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From the Gauss decomposition 

V 9 (x) = N^(x)e K3( ^Ml(x) 

V 9 (x) = N 9 _{x)e R9{x) M g + {x) (54) 

where N 9 _,N 9 _ £ e^- \ K 9 ,K 9 £ H; M%,M% £ , and from the linear sys- 
tems (|l|) one obtains that the matrices 

V% = e K3 ^Ml(x) 

V 9_ = N g _{x)e R9{ - x) (55) 
satisfy the DS systems @ and ( |l0|) with 

P 9 (x) = d x K 9 (x) 

p9(x) = d x K9(x) (56) 

where, out of clarity, we have explicitly denoted the dependence on the diago- 
nalizing element g. In the following we will at times understand the label g in P 
and P. 



4.3 Poisson brackets of P and P 



In the previous subsection we have defined the fields P and P. Now we 
prove that their Poisson on brackets are exactly (11). This subsection is rather 
technical, but we think it instructive to show explicitly at least in this case what 
kind of computations are involved. 

From ( p4| ) it follows that {P 9 f P 9 } coincides with the projection on 7i H. 

of 

d x d y {N 9 _{x)~ l ® N 9 _{y)- 1 ■ {V 9 {x) f V 9 {y)} ■ V 9 + {x)- 1 ® V^(y)- 1 ) (57) 

We will consider separately the various contributions to {V 9 f V 9 }. One 
such contribution is given by {V f V} ■ g (g> g and produces the terms 

V n ®Vn- (Ad (V g + (x)) ® Ad (V 9 + (y)) (9{x - y){r + ) 9 + 9{y - x)( r -) 9 )) = 

V n ® V n (6(x - y)(r + ) 9 + 9{y - x){ r -) 9 ) + 
+V n Ad (V 9 + (x)) V N _ ® Vn (r 9 ) + V H ® V n Ad (V 9 + (y)) V N _ (r 9 ) + 
+V n Ad (V 9 + (x)) V N _ ® V n Ad (y 9 + (x)) Vm. (r 9 ) 



where 



Ad (V 9 + {x)) (a) = V 9 + {x)aV 9 + {x)- 1 , a e Q 

(r ± ) 9 = Ad{g~ l ) ® Adig- 1 )^) 
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Taking into account that 

(r + ) 9 - (r-) 9 = r + - r~ 
we obtain the following identities 

i 

from which it then follows that the corresponding contribution to {P 9 f 1 P 9 } is 
reduced to the expression 

d x d y e(x -y)-t + d x d y V n Ad (V 9 + (x)) V N _ ® V H Ad (V 9 + (y)) V N _ (r 9 ) (58) 

while the other two terms give vanishing contributions to this Poisson bracket 
since they depend only either on x or on y. 

Next we consider the other two contributions 

1 ® V(y) • {V(x) ® g} • g ® 1 + V{x) ®l-{g® V(y)} -\®g (59) 

to {V 9 f V 9 }. We remark that 

Ad(V 9 (x))(h) =h, if hen 



Therefore the terms belonging to 7i of the Poisson brackets ( |59j ) do not produce 
contributions to {P 9 f P 9 }. From this and from the main result ( |53| ) of the 
subsection 4.1, we obtain that (|59"1) gives the contribution 



I s m,n 
a>0 /3>0 



^(T9) - v{T9) \(T9) - a(T9) 
< A, l\E a \a, s >< [i,m\E[3\i',n > 



(E a , E- a )(Ej3, E-p) 



< a,s\(g>< u,n\(r) 9 \X,l >®\/j,,m > ■ 



■d x d y V H Ad (V 9 + (x)) ® V n Ad (V 9 + (y)) (£L Q ® E^) (60) 
Finally the term 

V(x) ® V{y) -{g®g} 

gives the contribution 

VV v{T 9 )o(T 9 ) - X(T 9 )fi(T 9 ) 

£ ^ (K T9 ) - v(T9))(\(T9) - a(T9)) ' 

I s m,n 
a>0 /9>0 

< X,l\E a \a, s X /i, m\Es\v, n > ,. .„,, , . 
' £ ' Pl < ff,s|®< i/,n|(r)»|A,Z >®|/i,m > • 
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■d x d y V H Ad (V 9 + (x)) ® V n Ad (V 9 + (y)) (E„ a ® E.p) (61) 
From the identity 

u(T9) a{T 9 ) v{T 9 )e(T 9 ) - \(T 9 )/j,(T 9 ) = _ 1 

\frnn\ —fF~nn\ f..f r nn\ , .( f ~nn\ \ I \ ( r ~na\ ^.(n^nW \ ' 



fi(T9)-u(T9) X(T9)-a(T9) (ji(TB) - u(To))(\(T3) - <r(T9)) 

it follows that (|60|) and (|6l| ) cancel the second term of (j58|) and therefore 

{P» (x) f P 9 (y)} = d x d y e(x-y)-t 

Analogously in the antichiral sector we obtain 

{P 9 (x) f P 9 (y)} = -d x d y e(x-y)-t 

where g is another diagonalizing element, in general different from g. 

Next we show that the Poisson bracket {P 9 f 1 P 9 } vanishes. Proceeding as 
in the previous subsection we first obtain that the contribution of the term 

1 ® gT 1 ■ {V(x) f V{y)}g ® 1 

is given by 

- d x d y V H Ad (V 9 + (x)) V M _ ® P w Ad (V § (y)- 1 ) 7V+ ((r~)^) (63) 

where 

( r -)99 = g-l (g) g- 1 . r ~g (g) g 

The contribution of 

K(a:) ® g- 1 ■ {9 ? V"(l/)} + {^(ar) ® F 1 } • 5 ® F(y) 

reads 

/ V (TS) a (T9) 
\n(T9)-v(T9) \{T9)-a{T 9 

I s m,n 
a>0 )3>0 

< A, ZIPqIcj, s >< fj,,m\E-p\v,n > 



(E a , E- a )(Ep, E_ 



< a, s\®< u,n\(r )"\X, I >®\n, m > ■ 



■d x d y V H Ad (V g + (x)) ® V n Ad {yl (y)- 1 ) (E^ a ® Ep) (64) 
and the term 

V(x) ® 1 • {3 f g' 1 } ■ 1 ® V(y) 
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produces 

v(T~9)a(T9) - \(T3)fi(T9) 



EE 



(n(T9)-v(T9))(\(T9)-a(T9)) 

I s m,n 

a>0/3>0 



< A, l\E a \a, s >< a, m\E-n\v, n > _x n 5,, , , 



■d x d y V H Ad (V 9 + (x)) ® 7> w Ad (Vf (y)- 1 ) (£L Q ® ^) (65) 
Using again (|62| ) we conclude that P 9 and -P 9 Poisson commute. 



4.4 The variable conjugate to the zero modes. 

Let us choose now a fixed diagonalizing element g for both the chiral and anti- 
chiral part. Then, by construction, the zero modes Pq and Pq coincide. It 
remains for us to reconstruct the conjugate variable to these zero modes. 

Let | A > be the highest weight vector of the representation we choose to work 
on. The Gauss decomposition (|5"4) allow us to express the Toda fields as 

e -2A(<K) = < A \ V (x)V(x)\A >=< A\V 9 (x)V 9 (x)\A >= 

= < A|V^(x)V 3 (x)|A >=< A|Q^(x)V^(0)V£(0)Q^(x)|A > (66) 



where the chiral objects 



Q9_( x ) = V 9 _(0)- l V 9 _(x) (67) 



satisfy the DS systems (|9j), (|10|). The Gauss decomposition of the constant matrix 
V 9 + (0)V 9 _(0) =gsDg- s \ 9s G e^+, gs G e^~, Pee H (68) 
is obtained from (pi]) 

55 = e^WMf (0)e- xs (°), 55 = e~ Rs ^N 9 _ (O)-^^^, D = e * 9 (°)+* s (°) 
A calculation a bit involved but straightforward shows that 

{P[x) ® D] = 2S(x) J2 H i® H i D 

i 

{P(x)®D} = 28(x) y £ j H i ®H I D (69) 
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4.5 The action of the Weyl group 



We have already noted that the element which diagonalizes the monodromy 
matrix is not uniquely fixed. Therefore, as we have done in subsection 4.3, one 
can choose two different diagonalizing elements g, g G SL n (M.) and set 

V 9 = Vg, V9 = g- X V, S'S^e^-W 

The corresponding free chiral fields (^) P 9 and P 9 are obviously periodic. On 
the other hand the right (left) multiplication of V (V) by elements of the Cartan 
subgroup shifts the fields K 9 (K 9 ) (see (p^), (j55|) ) by a constant and thus does 
not change the momenta P (P). This observation allows us to state that only 
the Weyl group acts nontrivially on these fields. 

Therefore there are at least | W| 2 possibilities to construct a pair of free chiral 
fields (P, P) with the right Poisson brackets. However the number of possible 
choices reduces to |W| if one wants, as we do, the Toda field to be reconstructed 
according to the formula (]66|). In fact this formula implies that g ■ g~ l £ e w and 
therefore, without changing P and P one can set g ■ g = 1. 



5 Parabolic monodromies. 

In this section we consider other types of non-regular solutions of the Liouville 
equation. They correspond to parabolic monodromies. The following discussion 
does not pretend to cope with the problem of classifying all singular solutions. 
But it is nevertheless interesting to see how a large class of them can be repre- 
sented by means of free fields. 

We come across these singular solutions in the following way. Let us return to 
subsection 3.2. There we found two fields, a chiral field p, (|37|), and an antichiral 



one p, (39), which were almost the correct solution to our problem but not quite, 
in that they do not Poisson commute. For convenience we relabel them p\ and 
p\. Now instead of proceeding, as we did in section 3, with the diagonalization of 
the monodromy, we can remark that there is a gauge freedom left after gauging 
away AZ. and AX_. We can take advantage of this in order to modify p\ and p\. 
It turns out, for example, that we can add to p\ an object of weight 1 which is 
a total derivative of x+. After some calculations one realizes that there are two 
other interesting chiral and antichiral fields, precisely 

P2 = ~{d + ip + 62/62), P2 = -d^ip + 62/61) 

We notice that these can also be obtained from the previous ones via the action 
of the Weyl group. 

One then computes all the possible Poisson brackets among the elements of 
these two pairs and we finds the following result The pairs (pi , P2) , (j>2 , Pi) , 
and (p2 , P2) , all satisfy the Poisson brackets ). 
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This is of course only an intermediate result, since we must address the ques- 
tion of periodicity with the additional problem of deciding which choice is the 
most suitable one for our purposes. In order to discuss periodicity, we consider 
the effect of a monodromy operation 

Cn + 762 61 <5£n - P&i 

62 -> 0^11 + ££12 62 -> $£l2 - 

61 ->■ "6l + 762 6l -»■ -7?11 + 

62 — > + ^22 62 — »■ -762 + "62 

Consequently the periodicity properties of the various fields are 

7 _ _ 



Pi -> Pi 7 T , ,ro aF r 

<n + 76162 <S£fi - ll&l 

/3 7 

P2 -> f>2 + ! 77T T ; P2 ->• P2 + 



Sth + Ptnte' -7^i + «6i6i 

Therefore for the pair (pi , P2) we would have periodicity if the condition 7 = 
held true, while for the pair (jp2 , pi) we would have periodicity with (3 = 
and finally for the pair (p2 , P2) to have periodicity the condition 7 = (3 = 
is required. We will try to impose these conditions as dynamical constraints. 
Therefore we have to calculate the Poisson brackets of [3 and 7 with the various 
pairs above. We find 

For the pair (p\ , P2) 



{p(x), 7} = iK x ) , {p( x ), 7} = -iK x ) 

• For the second pair (p2 , pi) 

{p(x),(3} = -(35{x) , {p(x), (3} = (35{x) 

• For the last pair (p2 , P2) 

{p(x),(3} = -f35(x) , {p(x),(3} = (35{x) 
{p(x), 7} = lS(x) , {p(x), 7} = -j6(x) 

• Moreover {(3 , 7} = . 

The elements (3 and 7 are preserved by taking the Poisson brackets with the 
corresponding p's, thus we can set them to zero as hamiltonian constraints on the 
phase space. In this case the above Poisson brackets tell us that the interesting 
physical quantities, i.e. the fields p, are first class with respect to the constraints. 

It remains for us to discuss periodicity. Since in our setting the fields p, p are 
in principle not periodic, we define the zero modes of the various fields to be the 
integral over a period, namely we put 

r 2n 



Pifi = / Pi{x)dx, i = 1,2 
Jo 
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and analogously, for pi% = 1,2. Using the linear systems ( |27| ) and ( Pq ) we find 

6l (0), 



Pi,o = log(a + 7 
P2,o = log(<5 + (3 



pi,o = - iog(<y - /3 

P2,o = - log(a - 7 



£11 (0)' 
6i(0) , 
62(0) J 
61(0). 



61(0) 7 

en(o). 



61(0) ' 

Imposing periodicity and equal zero modes yields the following picture. 

1. With 7 = we have p\, p2 periodic. Their zero modes are equal, respec- 
tively, to logo and — log a. Setting them equal implies a = 1, so that the 
monodromy must be 

2. with (3 = we have (p2, pi) to be the periodic pair. The zero modes are 
log 8 and — log 5 , so that P2 = Pi implies 

-(;:) 

3. Setting simultaneously = 0, 7 = all the fields become periodic and 
the pair p2,0j P2,o is admissible. Equality of the zero modes translates into 
log 5 = — logo which implies 5 = 1/ct, so that for the monodromy we have 




The last case, with diagonal real monodromy, is just an unintersting subcase 
of the solutions discussed in section 3. We disregard this case. 

In the first two cases we have parabolic monodromy (and vanishing zero 
modes) . On the basis of the discussion in section 3, all the solutions corresponding 
to the latter cases are necessarily singular. Moreover they are not expected to 
be reconstructed through a DS system of the type (||, ^). In conclusion we have 
obtained a parametrization of such family of singular solutions in terms of free 
bosonic oscillators (with a restricted phase space). We do not discuss here, for 
these solutions, the locality property and the conjugate to the zero modes. 

In Appendix D we present the same construction for the sl n case. 

Appendix A. Hyperbolicity of the Monodromy: sh 

The monodromy of the Liouville theory ensuing from regular solutions (see below 
for the precise meaning) is hyperbolic. The proof goes as follows. We exploit 
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the representation of T as a path-ordered exponential, but instead of using the 
simplest contour, namely the t = circle, we use the following (closed) path 



7r 



(r, r) r G [0, tt] 

(r, 27T - r) r G [7r, 27r] 



which in the light-cone coordinates has the form 



7t 



(2t, 0) rG[0,7r] 
(2vr, 2r - 2vr) r G [vr,2vr] 



Since this corresponds to a shift of 2tt first in x+ and then in x_ , we have 



with 

= Pexp^— y j4 + (x + , x_ = 0) dx^ 

= Pexp(^-J A + (x + = 2tt,x-)cIx- 

Thus is upper triangular, while is lower triangular. Finding the explicit 
form of ty± amounts to solving (||) on the appropriate paths. The result is 



±/,~~ I .--1 »9-7T _o \ , If 



-e 



From this it is clear that in both cases the diagonal elements are strictly positive 
while the off-diagonal ones are negative. We have indicated with </?q, ipi, ip2 the 
values taken by tp at the vertices of the triangle defined by the path. Notice that 
periodicity implies that f2 = fo- For the trace we have 

trT = 2 cosh -((/?2 — 2i^i + 990) + (positive contribution) 
> 2 



thus proving that in this case the monodromy T is indeed hyperbolic. This 
statement has been proved assuming that there are no singularities, but it is 
easy to see that extending this method to more complicated zig-zag paths we can 
find a path that avoids isolated singularities and remains homotopic to the initial 
one. However we must exclude singularities on the t = axis and accumulating 
singularities, continuous singular lines and all the like. This accounts for the 
distinction between 'regular' and 'non regular' solutions throughout the article. 
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Appendix B. Hyperbolicity of the Monodromy: sl n 

A matrix is hyperbolic when all its eigenvalues are strictly positive. Here we 
prove that for regular solutions the monodromy matrix for any sl n Toda field 
theory is hyperbolic. We proceed as in the previous Appendix. We represent the 
monodromy matrix in sl(n) Toda theories 

T = Pexpfj A x (x,0)dx 
T = T_(27r)T + (2vr) 



as 



with 



T + (x + ) = Pexp(-^ + A + (C + ,0)dC+) 
T_(x_) = Pexp^-^ A + (27r,(-)dx„ 

Then we use the linear system (||) to obtain a system of differential equations 
for the order k (k = 1 . . . n) minors of the matrices T± l (x±) 



MTO = ia, : • ...A ;j )u;.<i>wv. 'r'd • (70) 



d-ir-^tX = • ...x jh )(d .dm v • 

. (TT 1 )^^ + . . . + ^uW ■ (TI^X 1 

where Ai . . . A n are the weights of the defining representations of sl(n). Taking 
into account the initial conditions 

2±(0) = 1 

we obtain 

t i \ x+ ) = e Aj(*(se+,0))-Ai(#(0,0)) . 

f X + v o_ tx.tr (\\\ fa- 1 . . n„ tx.tr r\\ N 



for i < j 

t ii _ e A i (»(x+,0))-A i (*(0,0)) 

and 

tV =0 
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for i > j. Moreover 

t y _ e A l ($(27r,0))-A J ($(27r, a; _)) . 

Jo io JO 

for i > j 

f w = e A j ($(27r,0))-A i (#(27r,a : )_)) 

and 

£ = 

for z < j. Hence > 0. 

In fact a much stronger result is valid, namely, if I = (i±, %i . . . if.) J = 
(ii,j2 • • -jk) are ordered multiindices (h < i 2 < ■ ■ ■ < ik ji < h < ■ ■■jk), the 
corresponding minors 

(T±y j = (T^X (72) 

are nonnegative. To show this we first note that (TZ l ) IJ ^ only if i\ < ji 
(I = 1, 2 ... k). A similar result is also valid for the minors of rr 1 , {tz 1 ) ij / o 
only if i[ > ji (I = 1,2 ... k). Moreover the following factorization property holds 

K 1 ± )i 1 ...i k -{ 1 ± ii 1 ...i i _ 1 t ± K I ± )i l+1 ...i k tor *l-3l 

The differential equations ( |70| ) and ( |71~| ) and this identity allow us to express 
(T^ 1 )^ as a sum of path ordered integrals all the integrands being nonnegative 
functions. Therefore we conclude that ( |72"| ) are nonnegative. 

It is also easy to verify that if e a ''*' is not identically zero on the lines 
< x + < 2vr, x_ = and x + = 2vr, < x_ < 2vr, all the minors (TZ 1 ) IJ ( 
(TZ 1 ) 1,1 ) are positive for i\ < ji ( i\ > ji). Therefore the minors 

(rp-l\h-3k (rp-l\n- r h j k 

\^ ) i\...i k ^ + ^u...ifcV J -- ) r\...r k 

r t >max(ii,ji) 

h <i 2 < ...ik ji < h < ■ ■ ■ < Jk 

are positive. 

To prove that all the eigenvalues of T~ 1 are positive we introduce the matrices 
7fc of order (?) x (?) with entries 

(r k )u = (r-y j >o 

Let us denote by m, fi2, ■ ■ ■ the eigenvalues of T~ l ordered as follows 

I A*l | > |a*2 I > > \fJ>n\ 
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Hence the eigenvalues of 7^ are 



Mil i ^2 ! • • • Mife 

h <i 2 < ... <ik 



The Perron- Frobenius theorem ( see [ 13 1 vol. II, p. 53 and 105) states that a 
matrix with positive entries has at least one positive eigenvalue which exceeds 
the moduli of all the other eigenvalues. Applying this theorem to the matrices 
we conclude that n\, • • • , Mi/42 • • • = detT^ 1 = 1 are positive numbers 

and therefore all the eigenvalues of T~ l ( and so also of T) are real positive 
numbers. 

The distinction made at the end of Appendix A between regular or non regular 
solutions holds here as well. 

Appendix C. Poisson algebra of V and V 

The Poisson algebra of V and V we need throughout the paper can be cal- 
culated form (H) with standard methods 

{V(x)®V(y)} = 6(x-y)V(x)®V{y) (73) 

• (r - V~\y) ® V-\y) ■ (r - to) ■ V(y) ® V(y)) 
+0(y-x)V{x)®V(y) 

■ (r - V 1 ^) ® V~ l {x) ■ (r + t ) ■ V(x) <g> V(x)\ 
{V(x)®V(y)} = 6{x-y)V(x)®l (74) 

• (-r + V(y) ® V(y) ■ (r + t ) ■ V'^y) ® V^y)) 1 ® V(y) 
+9(y - x)V(x) ® 1 

• (-r + V~ l {x) ® V~ 1 {x) ■ (r + t ) ■ V(x) ® V(x)j 1 ® V(y) 

{V(x)®V(y)} = (r-V(y)®V(y)-(r + t )-V- 1 (y)®V- 1 (yj) 

■V{x)®V{y)6(x-y) (75) 
+ (r - V(x) ® V(x) • (r - t ) ■ V^V) ® V^z)) 
•V"(x) (8) V(y)6(y - x) 

Appendix D. Explicit construction of the DS fields: sl n 

In this Appendix we do for sl n the same construction as in section 5 where we 
constructed the p and p fields corresponding to singular solutions of the Liouville 
equations. 

After the gauge transformation 

V = G 1 G 2 . . . G„_iV+ 

Q. — g^'i + li-£'i + lig^i + 2i-E'i+2i g^ni-Eni (76) 
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the transformed transport matrix V+ satisfies DS type linear system (|9|) iff 
Xij , i > j, satisfy the equations: 



i-1 



Xj, 



k=j 



i-lj 



1 



(77) 



The Toda equations appear both as integrability conditions of ( |77| ) and in the 
chirality of the fields 



n-l 



P = -25+$ - Xi+iiHa 



(78) 



i=l 



Similarly in order to get the antichiral fields we consider the gauge transformation 



V — V~G n ^\G n -2 ■ ■ ■ G\ 



I n ^ in 



and the new transport matrix V_ satisfy (10) iff Xij^ < j, satisfy the following 
system of differential equations 

3-1 

9-Xij = 2Xjj o;fc(5_$) + Xj-uXij — Xji + iXjj — Xj-ij + Xjj+i 



k=i 



Xi. 







(79) 



The Toda equations again appear both as integrability conditions of (7£) and in 
the chirality of the fields 



n-l 



P = 2d-$-Y l Xii+iH Q 



(80) 



i=i 



Let us now see how this construction works in the example of the defining rep- 
resentation of sl(n). Denote by &j the matrix elements of the transport 
matrices V (V) and introduce the notation 



y3i—3k 
h—ik 



^ £hji ■ ■ ■ £*i 



det 



jk 



y3i—3k 
h—ik 



det 



^ £hji ■ ■ ■ £hjk 
\ sijtii • • • Ciu'i 



For arbitrary permutations^ ir and a the matrices V+ and VZ. with entries 



V, 



ir 1 ...Tr i _ 1 7 



i-i J 



(81) 



(82) 



1 We use the notation 7r(i) = 7r,, etc. 
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satisfy the linear systems (||) and ([Uj). The chiral (antichiral) momenta P w 
diag(pj, . . . ,p%) (P u = diagffi, . . . are given by 



-(J 



Pi (xf = d x logCS, pf (*) - d x logi u (83) 
Then using the Poisson brackets of the theory (see Appendix C) one obtains 

n-l 

{pl(x),pf(y)} = -{pl(x),pf(y)} == d x d y e(x - y) £ X^H^X^) (84) 

i=i 

On the other hand we have to impose also 

{Pl(x),pf(y)} = (85) 

This has three classes of solutions 
• The pairs (tt , a) with 



The pairs (tt , cr) with 

and a arbitrary. 
The pairs (tt , cr) 



TTj — Vn-i+l 



TT; = n — i + 1 



cij = n — i + 1 



and tt arbitrary. 

One can prove that, among these solutions, there exist those for which we 
can impose, via hamiltonian constraints, that the monodromy matrix be upper 
triangular (or lower triangular) and the diagonal elements be such that be non 
diagonalizable. These solutions are necessarily singular. For them it is possible 
to define a free field representation. 
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